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7.5 Fibonacci Numbers and 
the Golden Ratio
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Objectives

• Be able to generate the Fibonacci sequence

• Know different occurrences of Fibonacci 
numbers in nature

• Know what the golden rectangle and golden 
ratio are

• Know different occurrences of the golden 
rectangle in art
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 Fibonacci Numbers
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Fibonacci Numbers

In 1202, the Italian mathematician Fibonacci tried to 
determine how quickly animals would breed in ideal 
circumstances. 

In discussing this issue, Fibonacci used rabbits as an 
example. However, the logic in Fibonacci’s rabbit example 
was unnecessarily complicated.

Henry Dudeny, an English puzzle book author in the early 
1900s, came up with the following simplified version of 
Fibonacci’s logic.
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Fibonacci Numbers

If a cow produces its first female calf at age two years and 
produces another female calf every year after that, how 
many female calves are there after five years if we start 
with one newborn female calf and no calves die?
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Fibonacci Numbers

If a cow produces its first female calf at age two years and 
produces another female calf every year after that, how 
many female calves are there after five years if we start 
with one newborn female calf and no calves die?

• At the beginning, there is one female calf.

• After one year, there is still only one female calf.

• After two years, the one female has produced a calf, so  
  there is now 1 new cow, and 1 + 1 = 2 cows in total. This 
  new cow will start to produce in two years.
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Fibonacci Numbers

• After three years, the original female has produced a  
  second calf, so there is 1 new cow, and there are 
  1 + 2 = 3 cows in total.

• After four years, the original female has produced yet 
  another calf, and the calf born two years ago has also  
  produced a calf, so there are now 2 new cows, and there 
  are 2 + 3 = 5 cows in total.

Notice that each year, the number of new cows is the same 
as the number of cows that were alive two years ago, 
because each of those cows has produced a calf.
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Fibonacci Numbers

• After five years, there are three new cows: one born to the 
  original female, one to the second female, and one to the 
  third female. There are now 3 + 5 = 8 cows in total.

See Figure 7.10, in which the cows are color-coded. The 
original female is red, and the first-born calf is blue.

Figure 7.10

How many cows?
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Fibonacci Numbers

• After five years, there are three new cows: one born to the 
  original female, one to the second female, and one to the 
  third female. There are now 3 + 5 = 8 cows in total.

See Figure 7.10, in which the cows are color-coded. The 
original female is red, and the first-born calf is blue.

How many cows?

How many cows will there be in one more year?
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Fibonacci Numbers

• After five years, there are three new cows: one born to the 
  original female, one to the second female, and one to the 
  third female. There are now 3 + 5 = 8 cows in total.

See Figure 7.10, in which the cows are color-coded. The 
original female is red, and the first-born calf is blue.

How many cows?

How many cows will there be in one more year? 5 + 8 = 13
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Fibonacci Numbers

Conclusion:

The number of cows in any given year is the sum of those alive 
two years ago (because they will each produce a calf) and 
those alive last year (because they’re still alive).

The pattern is as follows: 

1, 1, 1 + 1 = 2, 1 + 2 = 3, 2 + 3 = 5, 3 + 5 = 8, 5+ 8 = 13, . . . 
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Fibonacci Numbers

Conclusion:

The number of cows in any given year is the sum of those alive 
two years ago (because they will each produce a calf) and 
those alive last year (because they’re still alive).

The pattern is as follows: 

1, 1, 1 + 1 = 2, 1 + 2 = 3, 2 + 3 = 5, 3 + 5 = 8, 5+ 8 = 13, . . . 

Each number in the sequence is the sum of the previous two 
numbers. 
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Fibonacci Numbers

Conclusion:

The number of cows in any given year is the sum of those alive 
two years ago (because they will each produce a calf) and 
those alive last year (because they’re still alive).

The pattern is as follows: 

1, 1, 1 + 1 = 2, 1 + 2 = 3, 2 + 3 = 5, 3 + 5 = 8, 5+ 8 = 13, . . . 

Each number in the sequence is the sum of the previous two 
numbers. 

This sequence of numbers is called the Fibonacci sequence. 

The numbers themselves are called Fibonacci numbers.
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 The Fibonacci Sequence and Honeybees
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The Fibonacci Sequence and Honeybees

You might be thinking that the cow story is rather 
unrealistic. If so, you are right. But there are many realistic 
occurrences of Fibonacci numbers in nature, one of which 
has to do with honeybees.

There are two types of female honeybees: workers, which 
produce no eggs, and the queen, which produces eggs. 
Drone bees are males that are produced from the queen’s 
unfertilized eggs. A drone’s mother is the queen that laid 
the egg. But a drone has no father, because the egg was 
never fertilized.
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The Fibonacci Sequence and Honeybees

Worker females and queen females are produced from the 
queen’s fertilized eggs. So each type of female has a father 
as well as a mother, because the female eggs were 
fertilized.

Let’s look at a drone’s ancestors. A drone has:

• 1 parent—his mother

• 2 grandparents, who are his mother’s parents—a male 
  and a female
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The Fibonacci Sequence and Honeybees

• 3 great-grandparents: his grandmother has two parents 
  (his great-grandmother and great-grandfather), but his 
  grandfather, like all males, has only one parent (his great-
  grandmother)

• 5 great-great-grandparents: each of his two great-
  grandmothers had two parents, and his one great-
  grandfather had one parent

The numbers of ancestors of a drone honeybee are the 
Fibonacci numbers.
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 Fibonacci Numbers and Plants
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Fibonacci Numbers and Plants

Frequently, the number of petals on a plant is a Fibonacci 
number. See Figure 7.12.

Figure 7.12

This passionflower has three inner T-shaped 
petals, five white petals behind it, and then a 
set of five purple petals, behind which is
another set of five light purple petals.
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Fibonacci Numbers and Plants

Some plants have a spiral structure. 

For example, pinecones, 
pineapples, and cauliflowers 
all have a spiral structure. 
Frequently, the number of 
spirals is a Fibonacci number. 

And although you cannot see it 
in the photograph, the number of 
scales along any one spiral is 
usually a Fibonacci number. 

See Figure 7.13.

This pinecone has eight clockwise spirals.
How many counterclockwise spirals does
it have?

Figure 7.13
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Fibonacci Numbers and Plants

The number of petals on some plants is a Fibonacci
number, and the number of spirals on some plants is a 
Fibonacci number. 
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 The Fibonacci Spiral
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The Fibonacci Spiral

Here is another example of how nature tends to use 
Fibonacci numbers. The first two Fibonacci numbers are 1 
and 1, so draw two adjacent squares, each with a side of 
length 1. See Figure 7.15.

Figure 7.15

Two squares with 

sides of length 1.
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The Fibonacci Spiral

The left edge of those two squares is of length 2, and 2 is 
the next Fibonacci number. Draw a square with a side of 
length 2 along this edge. See Figure 7.16.

Figure 7.16

Squares with sides of length   
            1, 1, and 2.
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The Fibonacci Spiral

The bottom edge is of length 3, and 3 is the next Fibonacci 
number. Draw a square with a side of length 3 along this 
edge. See Figure 7.17.

Figure 7.17

Squares with sides of length   
  

1, 1, 2 and 3.
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The Fibonacci Spiral

The right edge is of length 5, and 5 is the next Fibonacci 
number. Draw a square with a side of length 5 along this 
edge. See Figure 7.18.

Figure 7.18

Squares with sides of length   
  

1, 1, 2, 3 and 5.
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The Fibonacci Spiral

The top edge is of length 8, and 8 
is the next Fibonacci number. 

Draw a square with a side of length 
8 along this edge. 

See Figure 7.19.

Figure 7.19

Squares with sides of length   
  

1, 1, 2, 3, 5 and 8.
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The Fibonacci Spiral

We could continue this process indefinitely, and the next 
square would have an edge whose length is the next 
Fibonacci number. See Figure 7.20.

This Fibonacci spiral is 
a close approximation of the 
spirals found in nautilus shells, 
snail shells, and chameleon 
tails, but it does not perfectly 
match these natural spirals.

Figure 7.20

The Fibonacci spiral.
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The Fibonacci Spiral

The Fibonacci spiral.
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 The Golden Rectangle and the Golden Ratio
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The Golden Rectangle and the Golden Ratio

Some artists and architects claim that rectangles shaped 
like the one that encloses the Fibonacci spiral in 
Figure 7.20 are more aesthetically pleasing than others.

Figure 7.20

The Fibonacci spiral.
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The Golden Rectangle and the Golden Ratio

What’s your opinion? 

Figure 7.22

Three rectangles.
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The Golden Rectangle and the Golden Ratio

What’s your opinion? 

Figure 7.22

Three rectangles.

If the middle rectangle has a more pleasant appearance 
than the others, then you agree, because it has the same 
shape as the one that encloses the Fibonacci spiral.
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The Golden Rectangle and the Golden Ratio

What do we mean when we say “the same shape”?

Figure 7.20

The Fibonacci spiral.
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The Golden Rectangle and the Golden Ratio

What do we mean when we say “the same shape”?

The rectangle in Figure 7.20 has a short side of 8 and a 
long side of 8 + 2 + 3 = 13. The ratio of its long side to its 
short side is 13/8 = 1.625.

Figure 7.20

The Fibonacci spiral.
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The Golden Rectangle and the Golden Ratio

The middle rectangle in Figure 7.22 is smaller than the 
rectangle in Figure 7.20, but the ratio of its sides is 
approximately the same.

Without measuring, most people can’t tell the difference 
between a rectangle whose ratio is 1.618 and one whose 
ratio is 1.625, so we can consider the rectangles to have 
the same shape even if their ratios are not exactly equal.

Figure 7.22

Three rectangles.
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The Golden Rectangle and the Golden Ratio

A rectangle with ratio 1.618 is called a golden rectangle. 
The ratio of a golden rectangle’s long side to its short side 
is called the golden ratio.

The rectangle below consists of a square and another 
smaller rectangle.

A golden rectangle.

Figure 7.23
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The Golden Rectangle and the Golden Ratio

A rectangle with ratio 1.618 is called a golden rectangle. 
The ratio of a golden rectangle’s long side to its short side 
is called the golden ratio.

The rectangle below consists of a square and another 
smaller rectangle.

A golden rectangle.

Figure 7.23

smaller rectangle’s 
ratio is

1
0.618

=1.618…

the larger 
rectangle’s ratio is

1.618
1

=1.618
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The Golden Rectangle and the Golden Ratio

A rectangle with ratio 1.618 is called a golden rectangle. 
The ratio of a golden rectangle’s long side to its short side 
is called the golden ratio.

The rectangle below consists of a square and another 
smaller rectangle.

A golden rectangle.

smaller rectangle’s 
ratio is

1
0.618

=1.618…

the larger 
rectangle’s ratio is

1.618
1

=1.618

As a result, each rectangle is a golden rectangle.
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The Golden Rectangle and the Golden Ratio

All golden rectangles can be broken up into a square and 
another smaller rectangle, where the smaller rectangle is 
another golden rectangle.
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The Golden Rectangle and the Golden Ratio

In 1509, the Italian mathematician and artist Luca Pacioli 
wrote De Divina Proportione (The Divine Proportion), a 
book on the golden ratio and its use in art.

The book was illustrated by Pacioli’s close friend Leonardo 
da Vinci. Since then, it has been a major influence on many 
artists and architects.
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 Deliberate Users of the Golden Rectangle
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Deliberate Users of the Golden Rectangle

Figure 7.24

Le Corbusier’s United Nations Building.
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Deliberate Users of the Golden Rectangle

Swiss architect Le Corbusier explicitly 
incorporated the golden rectangle (and
the Fibonacci series) into his designs. 

He stated that the golden rectangle 
“resound(s) in man by an organic 
inevitability, the same fine inevitability 
which causes the tracing out of the 
Golden Section by children, old men, 
savages and the learned.” 

Figure 7.24

Le Corbusier’s United Nations Building.
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Deliberate Users of the Golden Rectangle

Salvadore Dali explicitly used the golden rectangle 
in The Sacrament of the Last Supper and other works.
Juan Gris, Paul Serusier, and Giro Severini also
deliberately made use of the golden rectangle in their
works.

Leonardo da Vinci never explicitly stated that he used the 
golden rectangle. Nevertheless, it occurs in many of his 
paintings including Mona Lisa and the unfinished St. 
Jerome in the Wilderness.

Visit this link for more information on use of golden rectangle in art 
composition and design: 
https://www.goldennumber.net/art-composition-design/

https://www.goldennumber.net/art-composition-design/
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 Accidental Users



48

Accidental Users

The golden rectangle occurs in the works of many artists 
and architects, apparently accidentally. This lack of 
deliberation only supports the thesis that the golden 
rectangle is aesthetically pleasing.

Piet Mondrian’s geometric paintings contain many golden 
rectangles, and Georges-Pierre Seurat’s Circus Sideshow 
is easily seen as a collection of golden rectangles.

https://www.wikiart.org/en/piet-mondrian
https://www.metmuseum.org/art/collection/search/437654
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Accidental Users

The outline of the Parthenon in Athens, Greece, has 
several golden rectangles. The Greeks knew about the 
golden ratio, but it’s an open question as to whether they 
used the golden ratio in designing the Parthenon.

The Great Pyramid of Giza, the Great Mosque of Kairouan, 
the General Assembly building of the United Nations, the 
Cathedral of Chartres, and the Notre Dame in Paris all 
exhibit the golden ratio.

Some experts believe that this was deliberate, but many 
think that it was accidental.
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 Deriving the Golden Ratio
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Deriving the Golden Ratio

In its design, the golden rectangle is composed of two 
rectangles with the same ratio of length to width: a larger 
rectangle whose length is a + b and whose width is a and a 
smaller rectangle whose length is a and whose width is b. 

Figure 7.32

A golden rectangle within a
golden rectangle.



52

Deriving the Golden Ratio

Let’s see where does the number 1.618 come from 
mathematically? 

The ratio for the bigger rectangle is           and the ratio for 
the smaller rectangle is 

Finding the golden ratio.

Figure 7.31

a+b
a
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Deriving the Golden Ratio

If we make these ratios the same and solve the resulting 
equation 

for a/b , we get

This number, which is called , is the golden ratio. 

(The symbol  is the Greek letter phi.)

a+b
a

= a
b


	Slide 1
	Slide 2
	Objectives
	Slide 4
	Fibonacci Numbers
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	The Fibonacci Sequence and Honeybees
	Slide 17
	Slide 18
	Slide 19
	Fibonacci Numbers and Plants
	Slide 21
	Slide 22
	Slide 23
	The Fibonacci Spiral
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	The Golden Rectangle and the Golden Ratio
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Deliberate Users of the Golden Rectangle
	Slide 45
	Slide 46
	Slide 47
	Accidental Users
	Slide 49
	Slide 50
	Slide 51
	Deriving the Golden Ratio
	Slide 53

