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7.4 Prime Numbers and 
Perfect Numbers
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Objectives

• Learn to determine whether a number is prime 
or composite

• Know how to generate a Mersenne prime 
number
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 Factorizations and Primes
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Factorizations and Primes

Counting numbers are the numbers we count with: 1, 2, 3, . . . .

To factor a counting number is to rewrite the number as a 
product of counting numbers. 

Example: 40 = 4  10, so we say that 4 and 10 are factors of 40.

But 40 = 4  10 is not factored completely, because 4 and 10 can 
each be factored further.

                   40 = 4  10

                        = 2  2  2  5

This is factored completely, because it cannot be factored 
further.
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Factorizations and Primes

Numbers such as 2 and 5 that cannot be factored are 
called primes. Of course, 2 = 1  2, and 5 = 1  5. 

Any number can be written as the product of 1 and itself. 
We do not include these 1’s when we factor completely.

A prime number is a counting number that has exactly two 
factors: 1 and itself. 
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Factorizations and Primes

A complete factorization, such as 40 = 2  2  2  5, is also 
called a prime factorization, because it is a factorization 
into primes.

A counting number that has factors other than 1 and itself is 
called a composite number.

Every composite number has a prime factorization:

40 = 2  2  2  5
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Factorizations and Primes

In Figure 7.5, we list the numbers
2 through 20 and their prime 
factorizations. 

Prime numbers do not have 
prime factorizations, so when 
there is no prime factorization 
listed, the number is prime.

Figure 7.5

Prime factorizations and primes.



9

 Is 1 Prime or Composite?
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Is 1 Prime or Composite?

To see whether 1 is prime, 
we must determine whether 1 has 
exactly two factors: 1 and itself. 

The only way to factor 1 is to write 
1 = 1  1. One does not have two 
factors; it has only one factor. 

So according to the definition, 1 is not 
a prime number. 

Figure 7.5

Prime factorizations and primes.
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Is 1 Prime or Composite?

Furthermore, 1 is not composite, because it does not have 
factors other than 1 and itself. 

How do we factor 1? The best we can do is 

1 = 1  1 = 1  1  1 = 1  1  1  1 = …

The whole distinction of prime versus composite does not 
apply to 1.
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 How to Tell Whether a Number Is Prime or Composite
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Example 1 – Prime or Composite?

a. Is 231 prime or composite?

b. Is 143 prime or composite?
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Example 1 – Prime or Composite?

a. Is 231 prime or composite?

b. Is 143 prime or composite?

Solution: 

a. Every composite number has a prime factorization. If 231 
isn’t divisible by a prime number, then it does not 
have a prime factorization and isn’t a composite number. 

    If it  is divisible by a prime number, then it has a prime 
factorization and is a composite number. We’ll
divide 231 by successive primes (2, 3, 5, 7, 11, . . .).
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Example 1 – Solution

a. Is 231 prime or composite?

b. Is 143 prime or composite?

• Is 2 a factor? 231  2 = 115.5 → 231 = 2  115.5, but
  115.5 is not a counting number, so 2 is not a factor of  
  231.

• Is 3 a factor? 231  3 = 77 → 231 = 3  77 → 3 and 77
  are factors, so 231 is a composite number

cont’d
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Example 1 – Solution

a. Is 231 prime or composite?

b. Is 143 prime or composite?

Solution:

b. Finding if 143 is prime or composite:

    Is 2 a factor? 143  2 = 71.5, so 2 is not a factor.     

   Is 3 a factor? 143  3 = 47.6 . . . , so 3 is not a factor.

   Is 5, the next prime, a factor? 143  5 = 28.6, so 5 is not a   
  factor.     

  Is 7 a factor? 143  7 = 20.4 . . . , so 7 is not a factor.     

  Is 11 a factor? 143  11 = 13 → 143 = 11  13, so 143 is a 
  composite number.

cont’d
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How to Tell Whether a Number Is Prime or Composite
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 How Many Prime Numbers Are There?
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How Many Prime Numbers Are There?

The ancient Greek mathematician 
Euclid proved in about 300 B.C.  
that there is an infinite number of 
prime numbers. 

So no matter how many we list, 
they never stop.

Figure 7.5

Prime factorizations and primes.
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 Prime Numbers and Eratosthenes
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Prime Numbers and Eratosthenes

In about 200 B.C., another ancient Greek mathematician 
named Eratosthenes developed a way to list prime 
numbers that used multiplication rather than division.

Of course, calculators had not been invented, and division 
is much more difficult by hand than is multiplication. We will 
apply his method to the numbers 2 through 25.

First, go through and eliminate every multiple of 2 (except 2 
itself, because 2 is prime). We will show eliminated 
numbers in black.
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Prime Numbers and Eratosthenes

Next, go through and eliminate every multiple of 3 (except 3 
itself, because 3 is prime).

There is no need to eliminate multiples of 4 because they 
are all multiples of 2 and were eliminated earlier. So 
eliminate every multiple of 5 (except for 5 itself). The only 
one that has not already been eliminated is 25.
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Prime Numbers and Eratosthenes

Continue this process through the square root of the 
highest number on the list. The highest number on our list 
is 25, and         = 5. 

So we are done, because we just eliminated multiples of 5. 
Of the numbers 2 – 25, the prime numbers are

2, 3, 5, 7, 11, 13, 17, 19, and 23. 

This method is called the Sieve of Eratosthenes, because 
a sieve is a type of filter, and this method filters out the 
composites.
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 Why Search for Primes?
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Eratosthenes was not the last person to search for primes. 
Many people are still actively searching for primes today. 
Why do people do this? Here are some reasons.

It is a tradition. Euclid started the search in approximately 
300 B.C. Since then, many famous mathematicians have 
continued the search. 

In the search for prime numbers, unforeseen benefits are 
discovered along the way. For example, prime numbers are 
used to encrypt credit card numbers and other personal 
information when they are transmitted over the web. 

Why Search for Primes?
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Why Search for Primes?

Also, software that searches for prime numbers is used to 
test computer chips and other computer hardware, and by 
Cray Research, the manufacturer of some of the most 
powerful computers ever built, to test their computers.

This finding of unforeseen benefits is a common occurrence 
in mathematical and the scientific research. 

Some people search for primes just because they enjoy the 
glory of discovery.
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 The Search for Prime Numbers and Fermat
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The Search for Prime Numbers and Fermat

Many mathematicians tried to find a formula that could be 
used to generate primes. Because they are divisible by 2, it 
was clear that none of the even numbers are prime. 

Therefore, the focus should be on odd numbers. Some 
mathematicians studied the formula 2n + 1. The number 2n 
is even, and adding 1 to an even number gives an odd 
number, so 2n +1 must be odd. 
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The Search for Prime Numbers and Fermat

This formula fails to generate primes rather quickly. 
See Figure 7.6.

Figure 7.6

Is 2n + 1 always prime?
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The Search for Prime Numbers and Fermat

In the early seventeenth century, French mathematician 
Pierre de Fermat used the same formula but used only 
powers of 2 for n. See Figure 7.7. 

Is 2n + 1 always prime if n is a power of 2?
Figure 7.7
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The Search for Prime Numbers and Fermat

Fermat checked these numbers through 216 + 1 = 65,537, 
dividing by hand, and found that each outcome is prime.
He conjectured that this formula always works, but he was 
unable to prove it. 

More than 100 years later, the Swiss mathematician 
Leonhard Euler showed that 232 + 1 = 4,294,967,297 is not 
prime, because it has 641 as a factor.
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 The Search for Prime Numbers and Mersenne
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The Search for Prime Numbers and Mersenne

In the 1600s, the French monk Marin Mersenne studied the 
formula 2n – 1. The number 2n is even, so 2n – 1 must be 
odd. It was proven that if n is composite, then 2n – 1 is also 
composite. So only prime numbers were used for n. 
See Figure 7.8.

Is 2n + 1 always prime if n is prime?

Figure 7.8
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The Search for Prime Numbers and Mersenne

Unfortunately, this formula fails to generate only prime 
numbers, because 211 – 1 = 2047 = 23  89 is not prime. 

However, it generates many prime numbers, and these 
Mersenne numbers continue to be one of the largest 
sources of prime numbers. In the late 1700s, Euler showed 
that 231 – 1 is a Mersenne prime. 

A Mersenne number is a number of the form 2n – 1, where 
n is prime. A Mersenne prime is a Mersenne number that 
is itself prime.
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The Search for Prime Numbers and Mersenne

The search for primes changed in the 1950s, when 
mathematicians started to use computers to check 
Mersenne numbers to determine whether they are prime.

There is now a collaborative group called GIMPS—the 
Great Internet Mersenne Prime Search. 

Using special computer software and unused computer 
power, its members have found thirteen Mersenne primes.
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The Search for Prime Numbers and Mersenne

The Mersenne prime, 2243,112,609 – 1, was found in 2008 by 
GIMPS member Edson Smith of the University of California 
at Los Angeles Mathematics Department.

Its discovery qualified for an award of $100,000 from the 
Electronic Frontier Foundation and was described by Time 
magazine as one of the fifty best inventions of 2008.
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