Today we will discuss:

Section 11.1 /ntroduction to trees




11.1 Introduction to trees

A tree is an undirected graph that is connected and
has no simple circuits (cycles).

Trees can be used to:

 construct efficient algorithms for location items in a
list

 study games (checkers, chess) and determine
winning strategies

 model procedures carried our using a sequence of
decisions, which helps to determine the
computational complexity of the algorithm

* In data compression (Huffman coding)
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11.1 Introduction to trees

A forest is an undirected graph that has no sim

circuits (cycles).
Each of its connected components is a tree.
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unique simple path between every pair of its vertices.




11.1 Introduction to trees

A tree is an undirected graph that is connected and
has no simple circuits (cycles).

alternative definition:
a tree is an undirected graph such that there Is a
unique simple path between every pair of its vertices.

[Theorem]
An undirected graph is a tree iff there is a unique
simple path between any two of its vertices.
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[Theorem]
An undirected graph is a tree Iff there Is a unique simple
path between any two of its vertices.

Proof:

1) ( - ) assume that T Is a tree, then

T Is connected and has no simple circuits.
Let x and y be any two vertices of T.
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[Theorem]
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Proof:
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Let x and y be any two vertices of T.

By Theorem 1 from Section 10.4 there is a simple path
between x and y because T Is connected.
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[Theorem]
An undirected graph is a tree Iff there Is a unique simple
path between any two of its vertices.

Proof:

1) ( - ) assume that T Is a tree, then

T Is connected and has no simple circuits.

Let x and y be any two vertices of T.

By Theorem 1 from Section 10.4 there is a simple path
between x and y because T Is connected.

Assume that there exists another simple path between x and

Y.
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[Theorem]
An undirected graph is a tree Iff there Is a unique simple
path between any two of its vertices.

Proof:

1) ( - ) assume that T Is a tree, then

T Is connected and has no simple circuits.

Let x and y be any two vertices of T.

By Theorem 1 from Section 10.4 there is a simple path
between x and y because T Is connected.

Assume that there exists another simple path between x and
y. In this case we will be able to form a circuit (not necessatrily
simple) by combining two paths.
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[Theorem]
An undirected graph is a tree Iff there Is a unique simple
path between any two of its vertices.

Proof:

1) ( - ) assume that T is a tree, then

T Is connected and has no simple circuits.

Let x and y be any two vertices of T.

By Theorem 1 from Section 10.4 there is a simple path
between x and y because T Is connected.

Assume that there exists another simple path between x and
y. In this case we will be able to form a circuit (not necessatrily
simple) by combining two paths. This implies that a simple
circuit can be built (exercise 50 from Section 10.4).

This contradicts to the statement that T is a tree.




11.1 Introduction to trees

[Theorem]
An undirected graph is a tree Iff there Is a unique simple
path between any two of its vertices.

Proof:

1) ( - ) assume that T is a tree, then

T Is connected and has no simple circuits.

Let x and y be any two vertices of T.

By Theorem 1 from Section 10.4 there is a simple path
between x and y because T Is connected.

Assume that there exists another simple path between x and
y. In this case we will be able to form a circuit (not necessatrily
simple) by combining two paths. This implies that a simple
circuit can be built (exercise 50 from Section 10.4).

This contradicts to the statement that T Is a tree.

Therefore the simple path is unique.
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[Theorem]
An undirected graph is a tree Iff there Is a unique simple
path between any two of its vertices.

Proof:
2) ( — ) assume that there is a unique path between any two
vertices of T.
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[Theorem]
An undirected graph is a tree Iff there Is a unique simple
path between any two of its vertices.

Proof:

2) ( — ) assume that there is a unique path between any two
vertices of T.

Then T is connected.
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[Theorem]
An undirected graph is a tree Iff there Is a unique simple
path between any two of its vertices.

Proof:

2) ( — ) assume that there is a unique path between any two
vertices of T.

Then T is connected.

Assume that T has a simple circuit that contains vertices x
and y.
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[Theorem]
An undirected graph is a tree Iff there Is a unique simple
path between any two of its vertices.

Proof:

2) ( — ) assume that there is a unique path between any two
vertices of T.

Then T is connected.

Assume that T has a simple circuit that contains vertices x
and y. Then we can form two paths between these vertices.
This contradicts to the assumption about uniqueness of a
path.
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[Theorem]
An undirected graph is a tree Iff there Is a unique simple
path between any two of its vertices.

Proof:

2) ( — ) assume that there is a unique path between any two
vertices of T.

Then T is connected.

Assume that T has a simple circuit that contains vertices x
and y. Then we can form two paths between these vertices.
This contradicts to the assumption about uniqueness of a
path.

Therefore, T has no simple circuits.




11.1 Introduction to trees

[Theorem]
An undirected graph is a tree Iff there Is a unique simple
path between any two of its vertices.

Proof:

2) ( — ) assume that there is a unique path between any two
vertices of T.

Then T is connected.

Assume that T has a simple circuit that contains vertices x
and y. Then we can form two paths between these vertices.
This contradicts to the assumption about uniqueness of a
path.

Therefore, T has no simple circuits.

By definition, T is a tree.

g.e.d.




11.1 Introduction to trees

[Def] A rooted tree is a tree in which one vertex has been
designated as the root and every edge is directed away from
the root.

[Def] The level of a vertex is its distance from to the root.

[Def] The height of a tree is the highest level of any

vertex.
root

-

height of a tree = 4

a rooted tree
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—— root

a rooted tree

[Corollary] There is a unique path from the root of
the tree to each vertex of the tree.

This follows from Theorem we just proved.




11.1 Introduction to trees

vertex g Is the parent
of vertices |, k, and |.

a rooted tree

e Every vertex in a rooted tree T has a unigue parent,
except for the root which does not have a parent.
The parent of vertex v iIs the first vertex after v
encountered along the path from v to the root.




11.1 Introduction to trees

~ root (and ancestor of vertex n)
ancestors of vertex n

ancestor of vertex n
a rooted tree

» Every vertex along the path from v to the roof (except
for the vertex v itself, but including the roof) is an
ancestor of vertex v.




11.1 Introduction to trees

descendants of vertex d
are vertices g, J, k, land n

descendant of vertex k i1s n
a rooted tree

» Every vertex along the path from v to the roof (except
for the vertex v itself, but including the roof) is an
ancestor of vertex v.

e If uis an ancestor of v, then v is a descendant of u.




11.1 Introduction to trees

vertex g Is the parent
of vertices |, k, and |.

J | vertices |, k, and | are
Ksiblings and are

e tlad tree children of vertex g.

o |If v IS the parent of vertex u, then u is a child of vertex v.

 TWo or more vertices are siblings if they have the same
parent.




11.1 Introduction to trees

__— root
-

~— Internal vertices

f A

b, f, I, k, I, mand n are leaves

e a leaf is a vertex which has no children.

e vertices that have children are called internal vertices




11.1 Introduction to trees

e root
4 intemal
A\ vertices ; \\& o

rooted at
vertex g

=

b, f, 1. k. |. mand n are leaves
e a leaf Is a vertex which has no children.

e vertices that have children are called internal vertices

* a subtree rooted at vertex v is the tree consisting of v
and all v's descendants and all the edges incident to
the descendants. 30




11.1 Introduction to

frees

Practice: for the given tree T find

e the root of the tree T
e all leaves
e all internal vertices

o1
SR
O
o1
O

ne parent of g

Ne ancestors of h

ne descendants of b
ne height of the tree

ne level of vertex |




11.1 Introduction to trees

Practice: for the given tree T find

e the root of the tree T : a

e all leaves: m, |, |, f, n, |

e all internal vertices :
a,b,c,d e g, hk

* the parentof g : c

e the ancestors of h : d, b, a

e the descendants of b :
(RIS [T/ 8 [ P

 the height of the tree : 4

e the level of vertex1 : 3
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[Def] a rooted tree is called m-ary tree if every internal
vertex has no more than m children.

3-ary tree




11.1 Introduction to trees

[Def] a rooted tree is called m-ary tree if every internal
vertex has no more than m children.

[Def] The tree is call a full m-ary
tree if every internal vertex has

exactly m children.

- a
R AX
- C b =
d /§\> 2 d el
3-ary tree f g N c
d

€




11.1 Introduction to trees

[Def] a rooted tree is called m-ary tree if every internal
vertex has no more than m children.

[Def] The tree is call a full m-ary
tree if every internal vertex has

exactly m children.

[Def] An m-ary tree with m = 2 Is
called a binary tree.

3-ary tree




11.1 Introduction to trees

[Def] a rooted tree is called m-ary tree if every internal
vertex has no more than m children.

3-ary tree

[Def] The tree is call a full m-ary
tree if every internal vertex has
exactly m children.

[Def] A complete m-ary tree is a full
m-ary tree in which each leaf is at
the same level.




11.1 Introduction to trees

We will be “ordering rooted trees” so that the children of
each internal vertex are shown in order from left to
right.

This Is a binary tree.

Vertex b has the left child d and the
right child e.

The subtree rooted at the left child i1s
called left subtree.

The subtree rooted at the right child
IS called right subtree.




11.1 Introduction to trees

Trees are used as models in Computer Science,
Geology, Biology, Chemistry, Botany and Psycology.




11.1 Introduction to trees

Trees are used as models in Computer Science,
Geology, Biology, Chemistry, Botany and Psycology.

Example 1: File trees . Cmp

Files can are organized = @

Into directories/folders. aﬁgfw = 'D‘k 'D‘“D Compact Dise
. / \ Z Fa:
A directorylfolder can £ @

Contain both files and / g‘l }\\\

subdirectories/subfolders E I [i ““’?

The root directory/folder / T / | \
contains the entire 0 5

Flacement. 103 }1'1'5

file system. a)
rooted tree -



11.1 Introduction to trees

.-’ ttp: Mlocalhost/QuickStartv2... w
Trees are used as models i e =ttt = [k

Geology, Biology, Chemistry c« o 1@ 2 fs=a  >lOgy.

TreeView Control

Example 1: File trees 2§ My Computer

EI ::f Favoritez
=3 News

Files can are organized @ e

- 4&] MSNBC News

INnto directories/folders. b & Tecoon

@ Wicrosoft
- 4&] ASP.NET

A dlreCtory/fOIder can - @] GotDotNet

- #&] MSDN

Contain both files and L€ Shonging
subdirectories/subfolders B

=~ City Links

The root directory/folder C& venon e

=153 Music Links

contains the entire & WS
file system.

\:-ﬂ Local intranet




11.1 Introduction to trees

Example 2: the structure of a large organization can be

modeled using a rooted tree

Board of Directors
Managing Director

Corporate Development
Asst General Manager
| [ |
Finance & Administration Enai ing & Desi Operations Manager Sales & Marketing
Manager 9'”Eﬁ§§§w Gk Asst. General Manager
Finance & Accounts

n ndustrial Division
Plant Manager Senior Manager
Supervisor Design Section
Supervisor - — 1 arme Bieon
4 Manager

Development —

I

Admin & Human Resource
Supervisor

Quality Contro
Supervisor

- T

Supervisor

Division
Manager

Malaysia : .
e Finance & Accounts Drafting Section
Asst. Manager Supervisor




11.1 Introduction to trees

Example 3: tree-connected parallel processors
A tree-connected network is one of the ways to
Interconnect processors.

Consider a complete binary tree of height 2:
[/ processors are interconnected with each other.
Each edge is a two-way connection.

Let's add 8 numbers using 3
steps:
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11.1 Introduction to trees

Example 3: tree-connected parallel processors
A tree-connected network is one of the ways to
Interconnect processors.

Consider a complete binary tree of height 2:
[/ processors are interconnected with each other.
Each edge is a two-way connection.

X124 %5675 Let's add 8 numbers using 3
X X, steps:

P

3
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[Theorem 2] A rooted tree with n vertices has n-1 edges
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Properties of trees

[Theorem 2] A rooted tree with n vertices has n-1 edges

Proof: by mathematical induction
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Properties of trees
[Theorem 2] A rooted tree with n vertices has n-1 edges
Proof: by mathematical induction

Basis step: whenn =1 (1 vertex) °
The number of edgesis 0. 1-1=0




11.1 Introduction to trees

Properties of trees

[Theorem 2] A rooted tree with n vertices has n-1 edges

Proof: by mathematical induction

Basis step: whenn =1 (1 vertex) °
The number of edgesis 0. 1-1=0

Inductive step: Assume that any arbitrary tree with k
vertices has k-1 edges (IH).
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Properties of trees

[Theorem 2] A rooted tree with n vertices has n-1 edges

Proof: by mathematical induction

Basis step: whenn =1 (1 vertex) °

The number of edgesis 0. 1-1=0
Inductive step: Assume that any arbitrary tree with k
vertices has k-1 edges (IH).
Consider a tree T with k+1 vertices. Let v be aleaf of T
(the tree is finite, therefore such a vertex exists).




11.1 Introduction to trees

Properties of trees

[Theorem 2] A rooted tree with n vertices has n-1 edges

Proof: by mathematical induction

Basis step: whenn =1 (1 vertex) °

The number of edgesis 0. 1-1=0
Inductive step: Assume that any arbitrary tree with k
vertices has k-1 edges (IH).
Consider a tree T with k+1 vertices. Let v be aleaf of T
(the tree is finite, therefore such a vertex exists).
Let vertex w be a parent of v. If we remove vertex v and
edge (w,v) from T, then we will get a tree T' with k
vertices (for which IH holds).
Therefore, tree T has (k-1)+1 edges. This completes |.ss:
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Properties of trees

[Theorem 2] A rooted tree with n vertices has n-1 edges

Proof: by mathematical induction

Basis step: whenn =1 (1 vertex) °

The number of edgesis 0. 1-1=0
Inductive step: Assume that any arbitrary tree with k
vertices has k-1 edges (IH).
Consider a tree T with k+1 vertices. Let v be aleaf of T
(the tree is finite, therefore such a vertex exists).
Let vertex w be a parent of v. If we remove vertex v and
edge (w,v) from T, then we will get a tree T' with k
vertices (for which IH holds).
Therefore, tree T has (k-1)+1 edges. This completes |.ss2
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Properties of trees

[Theorem 3] A full m-ary tree with i internal vertices
contains n = mi+1 vertices.
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Properties of trees

[Theorem 3] A full m-ary tree with i internal vertices
contains n = mi+1 vertices.

Proof:
Every vertex except the root is the child of internal vertex.




11.1 Introduction to trees

Properties of trees

[Theorem 3] A full m-ary tree with | internal vertices
contains n = mi+1 vertices.

Proof:

Every vertex except the root is the child of internal vertex.

Each of the / internal vertices have m children, hence
there are mi vertices in the tree (other than the root).




11.1 Introduction to trees

Properties of trees

[Theorem 3] A full m-ary tree with | inte
contains n = mi+1 vertices.

Proof:

Every vertex except the root is the chilc

Each of the / internal vertices have m c

rnal vertices

of internal vertex.

nildren, hence

there are mi vertices in the tree (other t

Therefore, there are mi+1 vertices (we

g.e.d.

nan the root).

iInclude the root).




11.1 Introduction to trees

Properties of trees

[Theorem 4] A full m-ary tree with

(1) n vertices has
I = (n-1) / m internal vertices, and
[ =[(m-1)n+1]/ m leaves;

(2) I internal vertices has
n = mi+1 vertices, and
[ = (m-1)i+1 leaves;

(3) / leaves has
n =(ml-1) / (m-1) vertices, and
I =(I-1) / (m-1) internal vertices.




11.1 Introduction to trees

Properties of trees

[Theorem 4] A full m-ary tree with
(1) n vertices has
I = (n-1) / m internal vertices, and

| = [(m-1)n+1] / m leaves; \

— from Theorem 3.
A full m-ary tree
with j internal
vertices contains
(3) / leaves has ‘n = mi+1 vertices.
n = (ml-1) / (m-1) vertices, and
I =(I-1) / (m-1) internal vertices.

(2) iinternal vertices has
n = mi+1 vertices, and
| = (m-1)i+1 leaves;

In addition, n = [+i




11.1 Introduction to trees

Properties of trees
Practice:
1) How many edges does a tree with 10,000 vertices have

2) How many vertices does a full 5-ary tree with 100
Internal vertices have?

3) How many leaves does a full 5-ary tree with 100 internal
vertices have?




11.1 Introduction to trees

Properties of trees

Practice:

1) How many edges does a tree with 10,000 vertices have
10,000 — 1 =9,999

2) How many vertices does a full 5-ary tree with 100
Internal vertices have?

501

3) How many leaves does a full 5-ary tree with 100 internal
vertices have?

401
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Properties of trees

Example: chain letter

Somebody starts a chain letter. Each person who
receives a letter is asked to send it on to four other

people. Some people do this, some don't.

How many peo

nle have seen the letter, including the first

person if no one receives more than one letter and if the

chain letter end

s after there have been 100 people who

read it but did not send It out?

How many people send out the letter?




11.1 Introduction to trees

Properties of trees

Example: chain letter
Use 4-ary tree to model the situation.

The chain letter stops when there are 100 leaves
(people who did not send out the letter). /=100

From Theorem 4.
(3) / leaves has

n =(ml-1) / (m-1) vertices, and

I =(I-1) / (m-1) internal vertices.
n = (4*100-1) / (4-1) = 399/ 3 = 133 people saw the letter
| = (100-1) / (4-1) =99 / 3 = 33 people sent out the letter
ori=n—1=133-100 - 30 2




11.1 Introduction to trees

Balanced trees R

A rooted m-ary tree of height h is balanced if all leaves
are at levels h or h-1.

balanced binary tree

not a balanced
binary tree
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Balanced trees

A rooted m-ary tree of height h is balanced if all leaves
are at levels h or h-1.

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. | <m"

- the theorem provides an upper bound for the number of
leaves
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Balanced trees

A rooted m-ary tree of height h is balanced if all leaves
are at levels h or h-1.

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. | <m"

- the theorem provides an upper bound for the number of
leaves

[Corollary]
1) For a full and balanced m-ary tree of height h with /
leaves, h=/log /]

2) For an m-ary tree of height h with / leaves,
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Balanced trees S

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. | <m"

[Corollary]
1) For a full and balanced m-ary tree of height h with /

leaves, h=|log /]

2) For an m-ary tree of height h with / leaves,
h> [log /1
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Balanced trees S

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. | <m"

[Corollary]
1) For a full and balanced m-ary tree of height h with /

leaves, h=[log /]

2) For an m-ary tree of height h with / leaves,
h> [log /1

Proof:

2) from Theorem 5 we have [<m"
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Balanced trees LN

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. | <m"

[Corollary]
1) For a full and balanced m-ary tree of height h with /

leaves, h=[log /]
2) For an m-ary tree of height h with / leaves,
h> [log /1
Proof:
2) from Theorem 5 we have [<m"
Take logarithms to the base m of both sides: log /< h
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Balanced trees LN

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. | <m"

[Corollary]
1) For a full and balanced m-ary tree of height h with /

leaves, h=[log /]
2) For an m-ary tree of height h with / leaves,
h> [log /1
Proof:
2) from Theorem 5 we have [<m"
Take logarithms to the base m of both sides: log /< h

Since h Is integer, let's apply celling function: h > rlogmlgl9
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Balanced trees S

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. | <m"

[Corollary]
1) For a full and balanced m-ary tree of height h with /

leaves, h=|log /]

Proof:

1) If the tree is balanced, then each leaf is at level h or h-
1.




11.1 Introduction to trees

Balanced trees LN

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. | <m"

[Corollary]
1) For a full and balanced m-ary tree of height h with /

leaves, h=|log /]

Proof:
1) If the tree is balanced, then each leaf is at level h or h-

1. The height of the tree is h, hence there is at least one
leaf at level h.
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Balanced trees e

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. | <m"

[Corollary]
1) For a full and balanced m-ary tree of height h with /

leaves, h=|log /]

Proof:

1) If the tree is balanced, then each leaf is at level h or h-
1. The height of the tree is h, hence there is at least one
leaf at level h. Therefore, there must be more than m"!
leaves (exercise 30).
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Balanced trees e

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. | <m"

[Corollary]
1) For a full and balanced m-ary tree of height h with /

leaves, h=|log /]

Proof:

1) If the tree is balanced, then each leaf is at level h or h-
1. The height of the tree is h, hence there is at least one
leaf at level h. Therefore, there must be more than m"!

leaves (exercise 30). We get: m™</<m"
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Balanced trees S

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. | <m"

[Corollary]
1) For a full and balanced m-ary tree of height h with /

leaves, h=|log /]

Proof:

1) If the tree is balanced, then each leaf is at level h or h-
1. The height of the tree is h, hence there is at least one
leaf at level h. Therefore, there must be more than m"!
leaves (exercise 30). We get: m™</<m"

Taking logarithms to the base m: h-1 <log | <h
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Balanced trees S

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. | <m"

[Corollary]
1) For a full and balanced m-ary tree of height h with /

leaves, h=|log /]

Proof:

1) If the tree is balanced, then each leaf is at level h or h-
1. The height of the tree is h, hence there is at least one
leaf at level h. Therefore, there must be more than m"!
leaves (exercise 30). We get: m™</<m"

Taking logarithms to the base m: h-1 <log | <h




11.1 Introduction to trees

Balanced trees L

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. [ <m”

[Corollary]
1) For a full and balanced m-ary tree of height h with /
leaves, h=|log ]

Why Is it important to us?
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Balanced trees L

[Theorem 5] There are at most m” leaves in an m-ary
tree of height h, i.e. [ <m”

[Corollary]
1) For a full and balanced m-ary tree of height h with /

leaves, h=|log ]

Why Is it important to us?
- easy location
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