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Consider the following questions:

Can we travel along the edges of a graph starting at a 
vertex and returning to the same vertex by traversing 
each edge of the graph exactly once?

Can we travel along the edges of a graph starting at a 
vertex and returning to the same vertex by visiting each 
vertex in the graph exactly once?
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Town of Kӧnigsberg

The city of Königsberg in Prussia (now Kaliningrad, 
Russia) was set on both sides of the Pregel River, and 
included two large islands which were connected to 
each other, and to the two mainland portions of the city, 
by seven bridges.
 

The problem was to devise a walk through the city that 
would cross each of those bridges once and only once. 

13.6 Euler circuits and trails
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Town of Kӧnigsberg

The city of Königsberg in Prussia (now Kaliningrad, 
Russia) was set on both sides of the Pregel River, and 
included two large islands which were connected to 
each other, and to the two mainland portions of the city, 
by seven bridges.
 

In 1736 Euler proved that the problem has no solution.

13.6 Euler circuits and trails
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Euler circuits and paths

[Def] An Euler circuit in a graph G is a circuit containing 
every edge of G. 

[Def] An Euler path in G is a trail containing every edge 
of G

Examples:
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Euler circuits and paths

[Def] An Euler circuit in a graph G is a circuit containing 
every edge of G. 
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Euler circuits and paths

[Def] An Euler circuit in a graph G is a circuit containing 
every edge of G. 
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Euler circuits and paths

[Def] An Euler circuit in a graph G is a circuit containing 
every edge of G. 

[Def] An Euler path in G is a trail containing every edge 
of G
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Euler circuits and paths

[Def] An Euler circuit in a graph G is a circuit containing 
every edge of G. 

[Def] An Euler path in G is a trail containing every edge 
of G

Examples:
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Euler circuits and paths

[Theorem] A connected multigraph with at least two 
vertices has an Euler circuit if and only iff (iff) each of its 
vertices has even degree. 
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Euler circuits and paths

[Theorem] A connected multigraph with at least two 
vertices has an Euler circuit if and only iff (iff) each of its 
vertices has even degree. 

Why is it so?
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Euler circuits and paths

[Theorem] A connected multigraph with at least two 
vertices has an Euler circuit if and only iff (iff) each of its 
vertices has even degree. 

Why is it so?
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  12

Algorithm Constructing Euler circuits

procedure Euler(G: connected multigraph with all vertices
                                 of even degree)
pick a vertex, say a
circuit := pick any circuit in G that starts at a
H := G with the edges of the circuit removed
while H has edges

subcircuit := a circuit in H beginning at a vertex in H that 
also is an endpoint of an edge of the circuit.

H := H with edges of subcircuit and all isolated vertices 
   removed

circuit := circuit with subcircuit inserted at the appropriate 
     vertex

return circuit {circuit is an Euler circuit}
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Algorithm Constructing Euler circuits

procedure Euler(G: connected multigraph with all vertices
                                 of even degree)
pick a vertex, say a
circuit := pick any circuit in G that starts at a
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Algorithm Constructing Euler circuits

procedure Euler(G: connected multigraph with all vertices
                                 of even degree)
pick a vertex, say a
circuit := pick any circuit in G that starts at a
H := G with the edges of the circuit removed
while H has edges

subcircuit := a circuit in H beginning at a vertex in H that 
also is an endpoint of an edge of the circuit.

H := H with edges of subcircuit and all isolated vertices 
   removed

circuit := circuit with subcircuit inserted at the appropriate 
     vertex
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Algorithm Constructing Euler circuits

procedure Euler(G: connected multigraph with all vertices
                                 of even degree)
pick a vertex, say a
circuit := pick any circuit in G that starts at a
H := G with the edges of the circuit removed
while H has edges

subcircuit := a circuit in H beginning at a vertex in H that 
also is an endpoint of an edge of the circuit.

H := H with edges of subcircuit and all isolated vertices 
   removed

circuit := circuit with subcircuit inserted at the appropriate 
     vertex

return circuit {circuit is an Euler circuit}
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Algorithm Constructing Euler circuits

procedure Euler(G: connected multigraph with all vertices
                                 of even degree)
pick a vertex, say a
circuit := pick any circuit in G that starts at a
H := G with the edges of the circuit removed
while H has edges

subcircuit := a circuit in H beginning at a vertex in H that 
also is an endpoint of an edge of the circuit.

H := H with edges of subcircuit and all isolated vertices 
   removed

circuit := circuit with subcircuit inserted at the appropriate 
     vertex

return circuit {circuit is an Euler circuit}
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Algorithm Constructing Euler circuits

procedure Euler(G: connected multigraph with all vertices
                                 of even degree)
pick a vertex, say a
circuit := pick any circuit in G that starts at a
H := G with the edges of the circuit removed
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also is an endpoint of an edge of the circuit.
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   removed
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Algorithm Constructing Euler circuits
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Algorithm Constructing Euler circuits

procedure Euler(G: connected multigraph with all vertices
                                 of even degree)
pick a vertex, say a
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subcircuit := a circuit in H beginning at a vertex in H that 
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Algorithm Constructing Euler circuits

procedure Euler(G: connected multigraph with all vertices
                                 of even degree)
pick a vertex, say a
circuit := pick any circuit in G that starts at a
H := G with the edges of the circuit removed
while H has edges

subcircuit := a circuit in H beginning at a vertex in H that 
also is an endpoint of an edge of the circuit.

H := H with edges of subcircuit and all isolated vertices 
   removed

circuit := circuit with subcircuit inserted at the appropriate 
     vertex

return circuit {circuit is an Euler circuit}
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Town of Kӧnigsberg

devise a walk through the city that would cross each of 
those bridges once and only once 
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Town of Kӧnigsberg

devise a walk through the city that would cross each of 
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Town of Kӧnigsberg

devise a walk through the city that would cross each of 
those bridges once and only once 
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Town of Kӧnigsberg

devise a walk through the city that would cross each of 
those bridges once and only once 
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deg(A) = 5
deg(C) = 3
deg(B) = 3
deg(D) = 3

There is no Euler circuit, hence no such walk through 
the city.
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Fleury’s algorithm

Is another algorithm for constructing Euler circuit, 
published in 1883:
Construct an Euler circuit by first choosing an arbitrary 
vertex of a connected multigraph, and then forming a 
circuit by choosing edges successively.
Once an edge is chosen, it is removed.
Edges are chosen successively so that each edge begins 
where the last edge ends, and so that this edge is not a 
cut edge unless there is no alternative.

Try it on one of the graphs!
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Euler circuits and paths

[Theorem] A connected multigraph has an Euler path 
but not an Euler circuit iff it has exactly two vertices of  
odd degree. 
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Euler circuits and paths

[Theorem] A connected multigraph has an Euler path 
but not an Euler circuit iff it has exactly two vertices of  
odd degree. 
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Euler circuits and paths

[Theorem] A connected multigraph has an Euler path 
but not an Euler circuit iff it has exactly two vertices of  
odd degree. 

Why is it so?  See ZyBooks.
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Euler circuits and paths

Another type of puzzle: draw a picture in a continuous 
motion without lifting a pencil, so that no part of the 
picture is retraced.

The Rosen book shows the example with Mohammed's 
Scimitar (see page 697).

We will consider Witch's knot. 

13.6 Euler circuits and trails
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Euler circuits and paths

Another type of puzzle: draw a picture in a continuous 
motion without lifting a pencil, so that no part of the 
picture is retraced.

The Rosen book shows the example with Mohammed's 
Scimitar (see page 697).

We will consider Witch's knot. 

http://symboldictionary.net/?p=366
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Euler circuits and paths

draw a picture in a continuous motion without lifting a 
pencil, so that no part of the picture is retraced.
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Euler circuits and paths
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Euler circuits and paths

draw a picture in a continuous motion without lifting a 
pencil, so that no part of the picture is retraced.
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Applications of Euler Paths and Circuits

Chinese postman problem:
In honor of Guan Meigu, who posed it in 1962.

Suppose there is a mailman who needs to deliver mail to 
a certain neighbourhood. The mailman is unwilling to 
walk far, so he wants to find the shortest route through 
the neighborhood, that meets the following criteria:

● It is a closed circuit (it ends at the same point it starts).
● He needs to go through every street at least once.

Ideally: a street will be passed once! 
           (that is an Euler circuit)
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Applications of Euler Paths and Circuits:

● Garbage collection
● Molecular Biology: Euler paths are used in the DNA 

sequencing
● Electrical Engineering: layout of circuits
● Many more

13.6 Euler circuits and trails
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Hamilton cycles and paths

[Def] A Hamilton cycle in a graph G is a cycle that 
passes through every vertex in G exactly once. 

[Def] A Hamilton path in a graph G is a path that 
passes through every vertex in G exactly once.

Examples:
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Hamilton cycles and paths

[Def] A Hamilton cycle in a graph G is a cycle that 
passes through every vertex in G exactly once. 

[Def] A Hamilton path in a graph G is a path that 
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Hamilton cycles and paths
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Hamilton cycles and paths

[Def] A Hamilton cycle in a graph G is a cycle that 
passes through every vertex in G exactly once. 

[Def] A Hamilton path in a graph G is a path that 
passes through every vertex in G exactly once.

Examples:
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Hamilton cycles and paths

The terminology comes from a game Icozian puzzle, 
invented in 1875 by Irish mathematician Sir William 
Rowan Hamilton.

13.7 Hamiltonian cycles and paths

Visit http://puzzlemuseum.com/month/picm02/200207icosian.htm to find more about it.

It consisted of a wooden 
dodecahedron with a peg at 
each vertex, and a string. 
The 20 vertices were labeled 
with 20 cities. The goal was 
to start in one city and travel 
along the edges of 
dodecahedron to visit each 
of the other 19 cities once,  
and end back at the first city.

http://puzzlemuseum.com/month/picm02/200207icosian.htm
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Hamilton cycles and paths

The terminology comes from a game Icozian puzzle, 
invented in 1875 by Irish mathematician Sir William 
Rowan Hamilton.

13.7 Hamiltonian cycles and paths

Visit http://puzzlemuseum.com/month/picm02/200207icosian.htm to find more about it.

A dodecahedron is a 
polyhedron with 12 regular 
pentagons as faces.

Is there a cycle in the graph 
that passes each vertex 
exactly once?

http://puzzlemuseum.com/month/picm02/200207icosian.htm
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Hamilton cycles and paths

The terminology comes from a game Icozian puzzle, 
invented in 1875 by Irish mathematician Sir William 
Rowan Hamilton.

13.7 Hamiltonian cycles and paths

Visit http://puzzlemuseum.com/month/picm02/200207icosian.htm to find more about it.

A dodecahedron is a 
polyhedron with 12 regular 
pentagons as faces.

Is there a cycle in the graph 
that passes each vertex 
exactly once?

Yes, there is such a cycle.

http://puzzlemuseum.com/month/picm02/200207icosian.htm
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Hamilton cycles and paths

The terminology comes from a game Icozian puzzle, 
invented in 1875 by Irish mathematician Sir William 
Rowan Hamilton.

13.7 Hamiltonian cycles and paths

The graph on the left is 
isomorphic to the graph 
consisting all the edges and 
vertices of a dodecahedron.

We will show the cycle on it.

Yes, there is such a cycle.
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Hamilton cycles and paths
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Hamilton cycles and paths
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Hamilton cycles and paths

The terminology comes from a game Icozian puzzle, 
invented in 1875 by Irish mathematician Sir William 
Rowan Hamilton.
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We will show the cycle on it.

Yes, there is such a cycle.
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Hamilton cycle

There are no simple necessary and sufficient criteria for 
the existence of Hamilton circuits.

However, many theorems are known that give sufficient 
conditions for the existence of Hamilton circuits.

Also, certain properties can be used to show that a 
graph has no Hamilton cycle.

13.7 Hamiltonian cycles and paths
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Hamilton cycles

[Property 1]  A graph with a vertex of degree 1 cannot 
have a Hamilton circuit.
Reason: in Hamilton circuit each vertex is incident with 
two edges.

13.7 Hamiltonian cycles and paths
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Hamilton cycles

[Property 1]  A graph with a vertex of degree 1 cannot 
have a Hamilton circuit.
Reason: in Hamilton circuit each vertex is incident with 
two edges.

[Property 2] If a vertex in the graph has degree 2, then 
both edges that are incident with this vertex must be 
part of the Hamilton circuit.

13.7 Hamiltonian cycles and paths
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Hamilton cycles

[Property 1]  A graph with a vertex of degree 1 cannot 
have a Hamilton circuit.
Reason: in Hamilton circuit each vertex is incident with 
two edges.

[Property 2] If a vertex in the graph has degree 2, then 
both edges that are incident with this vertex must be 
part of the Hamilton circuit.

[Property 3] When a Hamilton circuit is being  
constructed and it passed through a vertex, then all 
remaining edges incident with this vertex, other than the 
two used in the circuit, can be removed from 
consideration.

13.7 Hamiltonian cycles and paths
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Hamilton cycles

[Property 4]  A Hamilton cycle cannot contain a smaller 
cycle within it.
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Hamilton cycles

Example: show that K
n
 has a Hamilton cycle if n  3.
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Hamilton cycles

Example: show that K
n
 has a Hamilton cycle if n  3.
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Hamilton cycles

Example: show that K
n
 has a Hamilton cycle if n  3.

13.7 Hamiltonian cycles and paths

Note that the more edges a graph has, the more likely 
it has a Hamilton cycle.
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Hamilton cycles

[Theorem] Dirac's Theorem 
If G is a simple graph with n vertices with n  3 such 
that the degree of every vertex in G is at least n/2, then 
G has a Hamilton cycle.

13.7 Hamiltonian cycles and paths
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Hamilton cycles

[Theorem] Dirac's Theorem 
If G is a simple graph with n vertices with n  3 such 
that the degree of every vertex in G is at least n/2, then 
G has a Hamilton cycle.

[Theorem] Ore's Theorem
If G is a simple graph with n vertices with n  3 such 
that deg(u)+deg(v)  n for every pair of non-adjacent 
vertices u and v in G, then G has a Hamilton cycle.

13.7 Hamiltonian cycles and paths
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Hamilton cycles

[Theorem] Dirac's Theorem 
If G is a simple graph with n vertices with n  3 such 
that the degree of every vertex in G is at least n/2, then 
G has a Hamilton cycle.

[Theorem] Ore's Theorem
If G is a simple graph with n vertices with n  3 such 
that deg(u)+deg(v)  n for every pair of non-adjacent 
vertices u and v in G, then G has a Hamilton cycle.

Both theorems provide sufficient conditions for a 
connected simple graph to have a Hamilton cycle.

13.7 Hamiltonian cycles and paths
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Hamilton cycles

[Theorem] Dirac's Theorem 
If G is a simple graph with n vertices with n  3 such 
that the degree of every vertex in G is at least n/2, then 
G has a Hamilton cycle.

[Theorem] Ore's Theorem
If G is a simple graph with n vertices with n  3 such 
that deg(u)+deg(v)  n for every pair of non-adjacent 
vertices u and v in G, then G has a Hamilton cycle.

Example: graph C
5
 has a Hamilton cycle, but doesn't 

satisfy the hypotheses of either Ore's theorem or 
Dirac's theorem.

13.7 Hamiltonian cycles and paths



  68

Hamilton cycles

The best algorithm known for finding a Hamilton cycle 
in a graph or determining that no such cycle exists has 
exponential worst-case time complexity (in the number 
of vertices of the graph)

13.7 Hamiltonian cycles and paths
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Applications of Hamilton cycles and paths

Traveling salesperson problem (TSP):
Asks for a shortest route a traveling salesperson should 
take to visit a set of cities.

13.7 Hamiltonian cycles and paths
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Applications of Hamilton cycles and paths

Traveling salesperson problem (TSP):
Asks for a shortest route a traveling salesperson should 
take to visit a set of cities.

This problem can be reduced to finding a Hamilton 
cycle in a complete graph such that the total weight of 
its edges as small as possible.

13.7 Hamiltonian cycles and paths
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Applications of Hamilton cycles and paths

Gray Codes:
You can read about them in the Rosen book
(Example 8, page 702)

13.7 Hamiltonian cycles and paths
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