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12.7 Partial orders

[Def] A relation R on a set S is called partial ordering or 
partial order it is is reflexive, antisymmetric, and transitive.
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12.7 Partial orders

[Def] A relation R on a set S is called partial ordering or 
partial order it is is reflexive, antisymmetric, and transitive.

A set S together with a partial ordering R is called poset 
(partially ordered set)

Members of S are called elements of the poset.

denotation: (S,R)
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[Def] A relation R on a set S is called partial ordering or 
partial order it is is reflexive, antisymmetric, and transitive.

A set S together with a partial ordering R is called poset 
(partially ordered set)

Members of S are called elements of the poset.

Example: “greater than or equal” relation (³) is  a partial 
ordering on the set of integers.

denotation: (S,R)

note that R is ³
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12.7 Partial orders

[Def] A relation R on a set S is called partial ordering or 
partial order it is is reflexive, antisymmetric, and transitive.

A set S together with a partial ordering R is called poset 
(partially ordered set)

Members of S are called elements of the poset.

Example: “greater than or equal” relation (³) is  a partial 
ordering on the set of integers.
reflexivity: 

denotation: (S,R)

note that R is ³
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12.7 Partial orders

[Def] A relation R on a set S is called partial ordering or 
partial order it is is reflexive, antisymmetric, and transitive.

A set S together with a partial ordering R is called poset 
(partially ordered set)

Members of S are called elements of the poset.

Example: “greater than or equal” relation (³) is  a partial 
ordering on the set of integers.
reflexivity: a ³ a, "a Î Z,  hence (a,a) Î R or aRa

denotation: (S,R)

note that R is ³
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12.7 Partial orders

[Def] A relation R on a set S is called partial ordering or 
partial order it is is reflexive, antisymmetric, and transitive.

A set S together with a partial ordering R is called poset 
(partially ordered set)

Members of S are called elements of the poset.

Example: “greater than or equal” relation (³) is  a partial 
ordering on the set of integers.
reflexivity: a ³ a, "a Î Z,  hence (a,a) Î R or aRa
transitivity: 

denotation: (S,R)

note that R is ³
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12.7 Partial orders

[Def] A relation R on a set S is called partial ordering or 
partial order it is is reflexive, antisymmetric, and transitive.

A set S together with a partial ordering R is called poset 
(partially ordered set)

Members of S are called elements of the poset.

Example: “greater than or equal” relation (³) is  a partial 
ordering on the set of integers.
reflexivity: a ³ a, "a Î Z,  hence (a,a) Î R or aRa
transitivity: if a ³ b and b ³ c, then obviously 
a ³ c, "a,b,c Î Z. Hence if (a,b),(b,c) Î R then (a,c) Î R

denotation: (S,R)

note that R is ³
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12.7 Partial orders

[Def] A relation R on a set S is called partial ordering or 
partial order it is is reflexive, antisymmetric, and transitive.

A set S together with a partial ordering R is called poset 
(partially ordered set)

Members of S are called elements of the poset.

Example: “greater than or equal” relation (³) is  a partial 
ordering on the set of integers.
reflexivity: a ³ a, "a Î Z,  hence (a,a) Î R or aRa
transitivity: if a ³ b and b ³ c, then obviously 
a ³ c, "a,b,c Î Z. Hence if (a,b),(b,c) Î R then (a,c) Î R
antisymmetry: 

denotation: (S,R)

note that R is ³



  9

12.7 Partial orders

[Def] A relation R on a set S is called partial ordering or 
partial order it is is reflexive, antisymmetric, and transitive.

A set S together with a partial ordering R is called poset 
(partially ordered set)

Members of S are called elements of the poset.

Example: “greater than or equal” relation (³) is  a partial 
ordering on the set of integers.
reflexivity: a ³ a, "a Î Z,  hence (a,a) Î R or aRa
transitivity: if a ³ b and b ³ c, then obviously 
a ³ c, "a,b,c Î Z. Hence if (a,b),(b,c) Î R then (a,c) Î R
antisymmetry: if a ³ b and b ³ a, then obviously a = b

denotation: (S,R)

note that R is ³
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12.7 Partial orders

Convention:
In different posets, different symbols are used for partial 
ordering (£, ³, Ê, Í, |).
The notation       is used to denote that (a,b) Î R in an 
arbitrary poset (S,R)

Note that         doesn't stand for “less than or equals” 
relation. It denotes the relation in any poset.
ZyBooks calls it “at most”.
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12.7 Partial orders

Convention:
In different posets, different symbols are used for partial 
ordering (£, ³, Ê, Í, |).
The notation       is used to denote that (a,b) Î R in an 
arbitrary poset (S,R)

Note that         doesn't stand for “less than or equals” 
relation. It denotes the relation in any poset. 
ZyBooks calls it “at most”.

[Def] The elements a and b of poset (S,    ) are called 
comparable if either a      b  or  b     a.
Otherwise they are called incomparable.
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12.7 Partial orders

[Def] The elements a and b of poset (S,    ) are called 
comparable if either a      b  or  b     a.
Otherwise they are called incomparable.

Example: In the poset (Z+, | ), are the given pairs of 
integers comparable?
a) 2 and 8

b) 21 and 7

c) 5 and 13
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12.7 Partial orders

[Def] The elements a and b of poset (S,    ) are called 
comparable if either a      b  or  b     a.
Otherwise they are called incomparable.

Example: In the poset (Z+, | ), are the given pairs of 
integers comparable?
a) 2 and 8
2 and 8 are comparable because 2 | 8
b) 21 and 7

c) 5 and 13



  14

12.7 Partial orders

[Def] The elements a and b of poset (S,    ) are called 
comparable if either a      b  or  b     a.
Otherwise they are called incomparable.

Example: In the poset (Z+, | ), are the given pairs of 
integers comparable?
a) 2 and 8
2 and 8 are comparable because 2 | 8
b) 21 and 7
21 and 7 are comparable because 7 | 21
c) 5 and 13
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12.7 Partial orders

[Def] The elements a and b of poset (S,    ) are called 
comparable if either a      b  or  b     a.
Otherwise they are called incomparable.

Example: In the poset (Z+, | ), are the given pairs of 
integers comparable?
a) 2 and 8
2 and 8 are comparable because 2 | 8
b) 21 and 7
21 and 7 are comparable because 7 | 21
c) 5 and 13
5 and 13 are incomparable because 

neither 5 | 13 nor 13 | 5
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12.7 Partial orders

The adjective partial is used to describe partial orderings 
because pairs of elements may be incomparable. 

When every two elements of the set are comparable, the 
relation is called a total ordering.
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12.7 Partial orders

The adjective partial is used to describe partial orderings 
because pairs of elements may be incomparable. 

When every two elements of the set are comparable, the 
relation is called a total ordering.

[Def]  If (S,    ) is a poset and every two elements are 
comparable, S is called totally ordered (linear ordered) 
set, and         is called a total order (liner order) 

A totally ordered set is also called a chain.
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12.7 Partial orders

Examples: 

The poset (S, ³ ) is totally ordered because 
a ³ b or b ³ a, whenever a and b are integers.

The poset (S, | ) is not totally ordered. For example 5 | 13 
and 13 | 5, i.e. 5 and 13 are incomparable.
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12.7 Partial orders

[Def]  An element a is a minimal element if there is no 
b ≠ a such that b     a. 

An element a is a maximal element if there is no b ≠ a 
such that a     b.
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12.7 Partial orders

Examples: Consider set S = {5,10,100,1000} and the 
relation | (divides evenly) on it:

5

10 100

1000

x evenly divides y
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12.7 Partial orders

Examples: Consider set S = {5,10,100,1000} and the 
relation | (divides evenly) on it:

5

10 100

1000

x evenly divides y

(S, | ) is a poset
Moreover, every pair of elements is comparable!
Hence, S is totally ordered and | is a total order.

5 is a minimal element and 1000 is a maximal element 
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12.7 Partial orders

Examples: Consider set A = {5,15,2,30} and the relation | 
(divides evenly) on it:

5

15 2

30

x evenly divides y
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12.7 Partial orders

Examples: Consider set A = {5,15,2,30} and the relation | 
(divides evenly) on it:

5

15 2

30

x evenly divides y

(S, | ) is a poset
Not every pair of elements is comparable.

5 and 2 are minimal elements and 
30 is a maximal element 
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12.7 Partial orders

Examples: Consider the set of binary strings B. 
aRb if a and b are not the same length

1010

10 101

1000

a and b are not the same length

(B,R) is not a poset
(not reflexive, symmetric)
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12.7 Partial orders

Hasse Diagrams

Hasse diagrams is a useful way to depict a partial order on 
a finite set.

Named after German mathematician
Helmut Hasse.
(1898 – 1979)

Idea: show precedence relationships by 
placing elements that are greater than 
others towards the top of the diagram.
Do not depict all precedence relationships (with lines), use 
only enough to make the relationship between elements 
clear, i.e. do not clutter the diagram with unnecessary 
edges.

picture from: http://www-history.mcs.st-andrews.ac.uk/Biographies/Hasse.html
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12.7 Partial orders

Hasse Diagrams

Consider the partial ordering {(a,b) | a £ b} on the set S = 
{1,2,3,4}. Let's present a poset (S,      ) using directed 
graphs:

4

3

2

1
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12.7 Partial orders

Hasse Diagrams

Consider the partial ordering {(a,b) | a £ b} on the set S = 
{1,2,3,4}. Let's present a poset (S,      ) using directed 
graphs:

4

3

2

1

partial 
ordering is 
reflexive, 
remove all 
loops

4

3

2

1
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12.7 Partial orders

Hasse Diagrams

Consider the partial ordering {(a,b) | a £ b} on the set S = 
{1,2,3,4}. Let's present a poset (S,      ) using directed 
graphs:

4

3

2

1

partial 
ordering is 
reflexive, 
remove all 
loops

4

3

2

1

Remove all 
edges that 
must be in 
the partial 
ordering 
because of 
transitivity

4

3

2

1
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12.7 Partial orders

Hasse Diagrams

Consider the partial ordering {(a,b) | a £ b} on the set S = 
{1,2,3,4}. Let's present a poset (S,      ) using directed 
graphs:

arrange each edge so that 
its initial vertex is below its 
terminal vertex, remove all 
the arrows – they all point 
upward 

4

3

2

1

4

3

2

1
Hasse diagram
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12.7 Partial orders

Hasse Diagrams

Example: Draw the Hasse diagram representing the 
partial ordering { (a,b) | a divides b} on the set 
{1,2,3,5,10,11,15} 

1 | 2, 3, 5, 10, 11, 15
2 | 10
3 | 15
5 | 10, 15

532

1

11

1510

5 32

1

11

1510
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12.7 Partial orders

Hasse Diagrams

Example: Draw the Hasse diagram representing the 
partial ordering { (a,b) | a divides b} on the set 
{1,2,3,5,10,11,15} 

1 | 2, 3, 5, 10, 11, 15
2 | 10
3 | 15
5 | 10, 15

5 32

1

11

1510

Hasse diagram
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12.7 Partial orders

Hasse Diagrams

Example: Draw the Hasse diagram representing the 
partial ordering { (a,b) | a divides b} on the set 
{1,2,3,5,10,11,15} 

1 | 2, 3, 5, 10, 11, 15
2 | 10
3 | 15
5 | 10, 15

5 32

1

11

1510
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12.8 Strict orders and directed acyclic graphs

A partial order acts similar to the ≤ operator on the 
elements of its domain. 

A strict order acts similar to the < operator on the elements 
of its domain.

[Def] A relation R is a strict order if R is transitive and anti-
reflexive. 

Denotaion:  a  b≺  stands for aRb 
can be read as "a is less than b" 

[Def] The domain along with the strict order defined on it 
is called a strictly ordered set and is denoted by (A, )≺
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12.8 Strict orders and directed acyclic graphs

The arrow diagram for a strict order is basically an arrow 
diagram for a partial order without the self loops.

a

b c

d
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12.8 Strict orders and directed acyclic graphs

[Def] Two elements, x and y, are said to be comparable if 
x  y≺  or y  x≺ . Otherwise, the elements are said to be 
incomparable. 

[Def] A strict order is a total order if every pair of elements 
is comparable. 

[Def] An element x is a minimal element if there is no y 
such that y  x≺ . 

[Def] An element x is a maximal element if there is no y 
such that x  y≺ .



  36

12.8 Strict orders and directed acyclic graphs

Example:
Let A be a set {a,b,c}, then P(A) is the powerset of A.
Relation   on P(A) is a strict order.
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12.8 Strict orders and directed acyclic graphs

Example:
Let A be a set {a,b,c}, then P(A) is the powerset of A.
Relation   on P(A) is a strict order.

Indeed, P(A) = {  ,{a}, {b}, {c}, {a,b}, {a,c}, {b,c}, {a,b,c}}

{a}  {a}, {b}  {b}, and {c}  {c}, hence it is anti- reflexive

{a}  {a,b} and {a,b}  {a,b,c} yields that {a}  {a,b,c}
we can check all other possible “transitions”
- hence  is transitive
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12.8 Strict orders and directed acyclic graphs

[Theorem]
If a relation R is transitive and anti-reflexive, then it is also 
anti-symmetric.
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12.8 Strict orders and directed acyclic graphs

[Theorem]
If a relation R is transitive and anti-reflexive, then it is also 
anti-symmetric.

Proof:
Assume the statement is false, i.e. relation R is transitive 
and anti-reflexive, but not anti-symmetric.
Since it is not anti-symmetric, there exist two elements: a 
and b, a  b, such that aRb and bRa.
In this case, by transitivity aRb and bRa implies aRa, 
which cannot be true, since R is anti-reflexive.

q.e.d.
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12.8 Strict orders and directed acyclic graphs

Directed acyclic graphs

Strict orders are closely related to an important class of 
graphs called directed acyclic graphs.

[Def] A directed acyclic graph (DAG) is a directed graph 
that has no positive length cycles.

Note that since a single vertex is a cycle of zero length, 
every graph with a non-empty vertex set has a zero length 
cycle. Directed acyclic graphs therefore only exclude 
cycles that have length one or more (positive length).

DAGs are particularly useful for representing precedence 
relationships.
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12.8 Strict orders and directed acyclic graphs

Example: consider the set of Math and CS courses 
required for the AS/AAS degree in Computer Science:

MTH 06

MTH 30 MTH 31 MTH 32 MTH 33

CSI 30 CSI 31 CSI 32 CSI 33

CSI 35

vertices: required courses
edges: prerequisites 
An edge from course a to course b means that course a 
is a prerequisite for course b.
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12.8 Strict orders and directed acyclic graphs

Example: consider the set of Math and CS courses 
required for the AS/AAS degree in Computer Science:

MTH 06

MTH 30 MTH 31 MTH 32 MTH 33

CSI 30 CSI 31 CSI 32 CSI 33

CSI 35

The relation corresponding to the prerequisite graph is 
not necessarily transitive, there are also implicit 
prerequisites that arise as the results of paths in the 
graph.
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12.8 Strict orders and directed acyclic graphs

Example: consider the set of Math and CS courses 
required for the AS/AAS degree in Computer Science:

MTH 06

MTH 30 MTH 31 MTH 32 MTH 33

CSI 30 CSI 31 CSI 32 CSI 33

CSI 35

The entire set of constraints (explicit and implicit) are 
expressed by G+, where G is the DAG corresponding to 
prerequisites mentioned specifically in the catalog.
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12.8 Strict orders and directed acyclic graphs

Some things to note:

1.  If G is a DAG, then G+ is a strict order

2. Let G be a directed graph. G has no positive length 
cycles if and only if G+ is a strict order.
- you can see the proof of 2. in the Zybooks
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12.8 Strict orders and directed acyclic graphs

In-class practice

Consider the following graph G and answer the questions.

1) Is G a DAG?

2) Is G a strict order?

3) Is G a partial order?

a

b c

e

A directed acyclic graph (DAG) 
is a directed graph that has no 
positive length cycles.

A relation R is a strict order if R 
is transitive and anti-reflexive.

A relation R on a set S is called 
partial ordering or partial order it 
is is reflexive, antisymmetric, 
and transitive.

d
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12.8 Strict orders and directed acyclic graphs

In-class practice

Consider the following graph G and answer the questions.

1) Is G a DAG? yes
we cannot see cycles
2) Is G a strict order? no
Anti-reflexive, but not transitive: (c,d) and (d,e), but no (c,e)
3) Is G a partial order? no, not reflexive

a

b c

e

A directed acyclic graph (DAG) 
is a directed graph that has no 
positive length cycles.

A relation R is a strict order if R 
is transitive and anti-reflexive.

A relation R on a set S is called 
partial ordering or partial order it 
is is reflexive, antisymmetric, 
and transitive.

d



  47

12.8 Strict orders and directed acyclic graphs

Topological sorts of DAGs

Suppose that a project is made up of 10 different tasks and 
we can complete one task at a time. Some of those 10 
tasks can be completed only after others have been 
finished. How can we find an order for these tasks?

A topological sort for a DAG is an ordering of the vertices 
that is consistent with the edges in the graph. That is, if 
there is an edge (u, v), then u appears earlier than v in the 
topological sort.
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12.8 Strict orders and directed acyclic graphs

A strategy for Topological sort

Input: DAG G 

● pick a vertex x with in-degree 0 
● remove x from G (all the incoming and leaving edges are 

removed from the graph)
● pick another vertex with in-degree 0 from among the 

remaining vertices
● keep selecting vertices until there are no vertices left.

A DAG always has at least one topological sort and may 
have many more than one.
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12.8 Strict orders and directed acyclic graphs

Example: consider the following graph G. 
Give a sequence of topological sort for it.

a

b c

e

d

x

y

z

G
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12.8 Strict orders and directed acyclic graphs

Example: consider the following graph G. 
Give a sequence of topological sort for it.

a

b c

e

d

x

y

z

G

a topological sort:
{a,x,e,b,d,y,c,z}
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