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each level. For example, once we have found the values of the three children of the root, which
are 1, −1, and −1, we find the value of the root by computing max(1,−1,−1) = 1. Because
the value of the root is 1, it follows that the first player wins when both players follow a minmax
strategy. ▲

Game trees for some well-known games can be extraordinarily large, because these games
have many different possible moves. For example, the game tree for chess has been estimated to
have as many as 10100 vertices! It may be impossible to use Theorem 3 directly to study a game
because of the size of the game tree. Therefore, various approaches have been devised to help
determine good strategies and to determine the outcome of such games. One useful technique,
called alpha-beta pruning, eliminates much computation by pruning portions of the game tree
that cannot affect the values of ancestor vertices. (For information about alpha-beta pruning,
consult [Gr90].)Another useful approach is to use evaluation functions, which estimate the value

Chess programs on
smartphones can now play
at the grandmaster level.

of internal vertices in the game tree when it is not feasible to compute these values exactly. For
example, in the game of tic-tac-toe, as an evaluation function for a position, we may use the
number of files (rows, columns, and diagonals) containing no Os (used to indicate moves of the
second player) minus the number of files containing no Xs (used to indicate moves of the first
player). This evaluation function provides some indication of which player has the advantage in
the game. Once the values of an evaluation function are inserted, the value of the game can be
computed following the rules used for the minmax strategy. Computer programs created to play
chess, such as the famous Deep Blue program, are based on sophisticated evaluation functions.
For more information about how computers play chess see [Le91].

Exercises

1. Build a binary search tree for the words banana, peach,
apple, pear, coconut, mango, and papaya using alphabet-
ical order.

2. Build a binary search tree for the words oenology,
phrenology, campanology, ornithology, ichthyology, lim-
nology, alchemy, and astrology using alphabetical order.

3. How many comparisons are needed to locate or to add
each of these words in the search tree for Exercise 1, start-
ing fresh each time?
a) pear b) banana
c) kumquat d) orange

4. How many comparisons are needed to locate or to add
each of the words in the search tree for Exercise 2, start-
ing fresh each time?
a) palmistry b) etymology
c) paleontology d) glaciology

5. Using alphabetical order, construct a binary search tree
for the words in the sentence “The quick brown fox jumps
over the lazy dog.”

6. How many weighings of a balance scale are needed to find
a lighter counterfeit coin among four coins? Describe an
algorithm to find the lighter coin using this number of
weighings.

7. How many weighings of a balance scale are needed to
find a counterfeit coin among four coins if the counter-
feit coin may be either heavier or lighter than the others?

Describe an algorithm to find the counterfeit coin using
this number of weighings.

∗8. How many weighings of a balance scale are needed to
find a counterfeit coin among eight coins if the coun-
terfeit coin is either heavier or lighter than the others?
Describe an algorithm to find the counterfeit coin using
this number of weighings.

∗9. How many weighings of a balance scale are needed to
find a counterfeit coin among 12 coins if the counterfeit
coin is lighter than the others? Describe an algorithm to
find the lighter coin using this number of weighings.

∗10. One of four coins may be counterfeit. If it is counterfeit,
it may be lighter or heavier than the others. How many
weighings are needed, using a balance scale, to determine
whether there is a counterfeit coin, and if there is, whether
it is lighter or heavier than the others? Describe an algo-
rithm to find the counterfeit coin and determine whether
it is lighter or heavier using this number of weighings.

11. Find the least number of comparisons needed to sort four
elements and devise an algorithm that sorts these elements
using this number of comparisons.

∗12. Find the least number of comparisons needed to sort five
elements and devise an algorithm that sorts these elements
using this number of comparisons.
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The tournament sort is a sorting algorithm that works by
building an ordered binary tree. We represent the elements to
be sorted by vertices that will become the leaves. We build up
the tree one level at a time as we would construct the tree repre-
senting the winners of matches in a tournament. Working left
to right, we compare pairs of consecutive elements, adding a
parent vertex labeled with the larger of the two elements under
comparison. We make similar comparisons between labels of
vertices at each level until we reach the root of the tree that is
labeled with the largest element. The tree constructed by the
tournament sort of 22, 8, 14, 17, 3, 9, 27, 11 is illustrated in
part (a) of the figure. Once the largest element has been de-
termined, the leaf with this label is relabeled by −∞, which
is defined to be less than every element. The labels of all ver-
tices on the path from this vertex up to the root of the tree are
recalculated, as shown in part (b) of the figure. This produces
the second largest element. This process continues until the
entire list has been sorted.
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13. Complete the tournament sort of the list 22, 8, 14, 17, 3,
9, 27, 11. Show the labels of the vertices at each step.

14. Use the tournament sort to sort the list 17, 4, 1, 5, 13, 10,
14, 6.

15. Describe the tournament sort using pseudocode.

16. Assuming that n, the number of elements to be sorted,
equals 2k for some positive integer k, determine the num-
ber of comparisons used by the tournament sort to find
the largest element of the list using the tournament sort.

17. How many comparisons does the tournament sort use to
find the second largest, the third largest, and so on, up to
the (n− 1)st largest (or second smallest) element?

18. Show that the tournament sort requires �(n log n) com-
parisons to sort a list of n elements. [Hint: By inserting
the appropriate number of dummy elements defined to be
smaller than all integers, such as−∞, assume that n = 2k

for some positive integer k.]

19. Which of these codes are prefix codes?
a) a: 11, e: 00, t : 10, s: 01
b) a: 0, e: 1, t : 01, s: 001
c) a: 101, e: 11, t : 001, s: 011, n: 010
d) a: 010, e: 11, t : 011, s: 1011, n: 1001, i: 10101

20. Construct the binary tree with prefix codes representing
these coding schemes.
a) a: 11, e: 0, t : 101, s: 100
b) a: 1, e: 01, t : 001, s: 0001, n: 00001
c) a: 1010, e: 0, t : 11, s: 1011, n: 1001, i: 10001

21. What are the codes for a, e, i, k, o, p, and u if the coding
scheme is represented by this tree?
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22. Given the coding scheme a: 001, b: 0001, e: 1, r: 0000,
s: 0100, t : 011, x: 01010, find the word represented by
a) 01110100011. b) 0001110000.
c) 0100101010. d) 01100101010.

23. Use Huffman coding to encode these symbols with given
frequencies: a: 0.20, b: 0.10, c: 0.15, d: 0.25, e: 0.30.
What is the average number of bits required to encode a
character?

24. Use Huffman coding to encode these symbols with given
frequencies: A: 0.10, B: 0.25, C: 0.05, D: 0.15, E: 0.30,
F: 0.07, G: 0.08. What is the average number of bits re-
quired to encode a symbol?

25. Construct two different Huffman codes for these symbols
and frequencies: t : 0.2, u: 0.3, v: 0.2, w: 0.3.

26. a) Use Huffman coding to encode these symbols with
frequencies a: 0.4, b: 0.2, c: 0.2, d: 0.1, e: 0.1 in two
different ways by breaking ties in the algorithm dif-
ferently. First, among the trees of minimum weight
select two trees with the largest number of vertices
to combine at each stage of the algorithm. Second,
among the trees of minimum weight select two trees
with the smallest number of vertices at each stage.

b) Compute the average number of bits required to en-
code a symbol with each code and compute the vari-
ances of this number of bits for each code. Which
tie-breaking procedure produced the smaller variance
in the number of bits required to encode a symbol?


